Introduction
An n-dimensional generalized Robertson-Walker (GRW) spacetime with n ≥ 3 is a Lorentzian manifold which is a warped product manifold I × f F of an open interval I of the real line R and a Riemannian (n − 1)-manifold (F, g F ) endowed with the Lorentzian metricḡ = −π *
where π I and π F denote the projections onto I and F , respectively, and f is a positive smooth function on I. In a classical Robertson-Walker (RW) spacetime, the fiber is three dimensional and of constant sectional curvature, and the warping function f is arbitrary.
A Robertson-Walker spacetime obeys the cosmological principle, i.e., it is spatially homogeneous and spatially isotropic. As said before, GRW spacetimes widely extend RW spacetimes and include, among others, the Lorentz-Minkowski spacetime, the Einstein-de Sitter spacetime, the Friedmann cosmological models, the static Einstein spacetime and the de Sitter spacetime. GRW spacetimes obey the well-known Weyl hypothesis, i.e., the world lines should be everywhere orthogonal to a family of spacelike slices. 
Proof of the theorem 1
For general references on pseudo-Riemannian submanifolds, we refer to [5, 6, 10] .
Assume that M is a Lorentzian n-manifold with n ≥ 3. Suppose that M admits a timelike concircular vector field. Let us put
where e 1 is a unit timelike vector field in the direction of v. Let us extend e 1 to an orthonormal frame e 1 , e 2 , . . . , e n on M so that e 2 , . . . , e n are orthonormal spacelike vector fields on M . Define the connection forms ω j i (i, j = 1, . . . , n) by
where ǫ 1 = −1 and ǫ 2 = · · · = ǫ n = 1. From Cartan's structure equations, we have
It follows from (2) and a direct computation that the curvature tensor
for i = 2, . . . , n, where µ is defined by (2) . From (5) we get
Thus the gradient ∇µ of µ is a vector field parallel to v. From (2) with X = e 1 and (3) we find
which gives
∇ e1 e 1 = 0.
It follows from (8) that the integral curves of e 1 are geodesics in M . Therefore the distribution D 1 = Span{e 1 } is a totally geodesic foliation, i.e., D 1 is an integrable distribution whose leaves are totally geodesic one-dimensional negative definite submanifolds of M . Let us define another distribution by putting
From (2) with X = e i (i = 2, . . . , n) and (3), we have
which implies that
ϕ∇ ei e 1 = µe i .
From (4) and (10) we obtain
where δ ij stands for the Kronecker delta function.
It follows from (11) that D 2 is an integrable distribution whose leaves are totally umbilical in M . Moreover, the mean curvature of the leaves of D 2 is given by µ/ϕ.
Since leaves of D 2 are spacelike hypersurfaces, it follows from (6) and (9) 
for i = 2, . . . , n.
On the other hand, it follows from (3) and (5) that
for i = 2, . . . , n. Thus, after combining (13) with (7) and (12), we obtain
Consequently, if we choose f (t) = ϕ(t), then M is an open portion of the Lorentzian warped product manifold I × f F with f (t) = ϕ(t).
Conversely, let us consider a Lorentzian manifold which is a warped product manifold of the form: I × f F , where (F, g F ) is a Riemannian manifold so that the metric tensorḡ of I × f F is given by (1) with f being a positive function on I. Consider the timelike vector field given by v = f (t) Acknowledgements. The author thanks the referees for their useful suggestions for improving the presentation of this paper.
